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SPECTRAL PROPERTIES OF BILLIARDS AND QUANTUM CHAOS 
Division de Physique Thborique*, Institut de Physique Nucl&aire, 
B.P. 1, 91406 Orsay Cedex, France 
Resume - Nous avons ca lcu le  l e s  800 premiers niveaux du stade pour chacun 
Z F 4 - t y p e s  de symetr ie de l a  fonc t ion  d'onde. L 'analyse des spectres 
obtenus montre que ceux-ci presentent l a  repu ls ion  de niveaux e t  l a  t r @ s  
grande r i g i d i t 6  prevues par I 'Ensemble Gaussien Orthogonal de matr ices 
a lga to i res .  Cette etude renforce l a  thPse selon laque l le  ces p ropr i6 t6s  
sera ient  ca rac te r i s t iques  des systOmes chaotiques quantiques. 
Abst ract  - The f i r s t  800 eigenvalues of the  stadium b i l l i a r d  have been 
evaluated numer ica l ly .  I t  i s  shown t h a t  the f o u r  spectra obtained (corres-  
ponding t o  the  f o u r  types o f  symmetry o f  the  wave func t ion )  e x h i b i t  the  
f l u c t u a t i o n  p roper t ies  o f  the Gaussian Orthogonal Ensemble o f  Random 
Matr ices. Th is  re in fo rces  the b e l i e f  t h a t  these f l u c t u a t i o n  p roper t ies  
are c h a r a c t e r i s t i c  o f  quantum chao t i c  systems. 
I - INTRODUCTION 
I n  c l a s s i c a l  mechanics, t h e  concept o f  chao t i c  systems i s  p e r f e c t l y  defined and 
the c h a r a c t e r i s t i c  p roper t ies  o f  such systems are known. I n  quantum mechanics, 
on the other  hand, such a  c l a s s i f i c a t i o n  does n o t  e x i s t .  One may obvious ly  def ine 
a  quantum system as being chao t i c  when i t s  c lass ica l  equiva lent  i s  chaot ic .  Th is  
i s  a c t u a l l y  the d e f i n i t i o n  o f  a  quantum chaot ic  system. However, such a  d e f i n i t i o n  
gives no in fo rmat ion  on what could be the  c h a r a c t e r i s t i c  p roper t ies  o f  such a  
system. I n  t h i s  t a l k ,  we s h a l l  present some "experimental " r e s u l t s  which may g ive  
an i n d i c a t i o n  o f  what could be these c h a r a c t e r i s t i c  p roper t ies .  Fol lowing a  
somewhat h i s t o r i c a l  order, we s h a l l  thus b r i e f l y  r e c a l l  some r e s u l t s  of the random 
m a t r i x  theory and compare them t o  the  ava i lab le  experimental data on nuclear  reso- 
nances. Then we s h a l l  show (numer ica l ly )  t h a t  the same f l u c t u a t i o n  p roper t ies  are 
found i n  some chaot ic  systems and n o t  i n  in tegrab le  systems. 
I 1  - PROPERTIES OF G.O.E. SPECTRA 
A t  low e x c i t a t i o n  energy, the nuc lear  spectra are r a t h e r  wel l  reproduced by s h e l l  
model ca lcu la t ions .  A t  present t i n e  such ca lcu la t ions  are able t o  reproduce, a t  
most, the f i r s t  hundred l e v e l s  o f  a  nucleus, and i t  seems hopeless t h a t  a  r e l i a b l e  
descr ip t ion  o f  h igher  ekc i ted  s ta tes  could be obtained. Furthermore such an exact 
desc r ip t ion  would not  be very usefu l  and one i s  more i n t e r e s t e d  i n  s t a t i s t i c a l  
p roper t ies  o f  the spectrum, such as the l e v e l  densi ty ,  which, i n  c o l l i s i o n  theory, 
are the  o n l y  re levan t  q u a n t i t i e s .  Thus one i s  l e d  t o  search f o r  a  s t a t i s t i c a l  
desc r ip t ion  o f  the nucleus. Such an approach, namely the random m a t r i x  theory, 
has been i n i t i a t e d  by Wigner, and developed by Dyson and many o ther  authors / I / .  
I n  t h i s  t a l k  we sha l l  concentrate on the Gaussian Orthogonal Ensemble (G.O.E.) 
which apply t o  systems which are i n v a r i a n t  under r o t a t i o n  and t ime reversa l .  With 
these two condi t ions,  one may show t h a t  the m a t r i x  ensemble cons is ts  o f  rea l  
symmetric matr ices. I f  one add the cond i t i on  t h a t  the m a t r i x  elements are s t a t i s -  
t i c a l l y  independent, the  p r o b a b i l i t y  dens i t y  o f  an Hamil tonian o f  the  ensemble i s  
found t o  be : 
* ~ a b o r a t o i r e  Associe au C.N.R.S. 
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( 1  p(H) a exp [ - ~ r ~ ~ / 4 a ~  1 
which leads t o  the  f o l l o w i n g  p r o b a b i l i t y  dens i t y  o f  eigenvalue : 
where N i s  the dimension o f  the mat r i x .  Given t h i s  j o i n t  p r o b a b i l i t y ,  one may ob ta in  
the eigenvalue dens i t y  by i n t e g r a t i n g  eq. (11) over a l l  bu t  one var iab les.  
S i m i l a r l y ,  c o r r e l a t i o n  between eigenvalues may be obtained by eva lua t ing  the 
2-points, 3-points, ... funct ions which are obtained from eq. (11) by i n t e g r a t i n g  
over a l l  bu t  two, three, ... var iab les.  These in tegra t ions  are f a r  from obvious, 
and the mathematical technics needed t o  ob ta in  them have been developed by Mehta, 
and here we s h a l l  on ly  present the r e s u l t s .  
a) One-point f u n c t i o n  : 
The l e v e l  densi ty  obtained from eq. (11) i s  given asymptot ica l ly  by the semi c i r c l e  
law o f  Wigner : 
This  l e v e l  densi ty  i s  obv ious ly  f a r  from experimental dens i t i es ,  b u t  t h i s  p o i n t  i s  
not very important since we are main ly  i n t e r e s t e d  i n  f l u c t u a t i o n s  o f  the actual  
l e v e l  densi ty  around the average one. In order  t o  make the study o f  f l u c t u a t i o n s  
and cor re la t ions  eas ier ,  we sha l l  work on what i s  c a l l e d  an unfolded spectrum, i .e. 
on a  spectrum o f  constant average spacing. When the averaged l e v e l  dens i t y  i s  known, 
the unfolded spectrum EKmay e a s i l y  be obta ined from the exact one cK by t h e  
f o l l o w i n g  r e l a t i o n  : 
It i s  easy t o  show t h a t  the spectrum so obtained have an average spacing between 
adjacent l e v e l s  equal t o  1, and i n  a l l  the f o l l o w i n g  we s h a l l  assume t h a t  we deal 
w i t h  such a spectrum. 
b )  Two-points func t ion  : 
The exact expression o f  the j o i n t  p r o b a b i l i t y  densi ty  p(E,E1) has been given by 
Mehta and Gaudin. However t h i s  expression i s  n o t  very p r a c t i c a l  t o  use, and we sha l l  
on ly  g ive  r e s u l t s  on various q u a n t i t i e s  which are der ived from t h i s  two-points 
func t ion  and which are e a s i l y  measurable on a  given spectrum. The f i r s t  such 
q u a n t i t y  i s  the p r o b a b i l i t y  dens i t y  o f  spacing between adjacent l e v e l s .  I n  the GOE, 
i t  i s  found t h a t  t h i s  densi ty  p ( s )  i s  very close t o  the Wigner surmise : 
The exact expression o f  the spacing d i s t r i b u t i o n  i s  almost ind is t ingu ishab le  from 
- 
eq. (V), the  main d i f fe rence  being a s l i g h t  mod i f i ca t ion  o f  the  variance (ogOE = 
n 
.286, crL = .277). The form o f  the spacing d i s t r i b u t i o n  given i n  eq. (V) has two 
i m p o r t a i t  consequences on the spectrum. F i r s t ,  one may see t h a t  there i s  q u i t e  a 
s t rong l e v e l  repu ls ion  i n  the  GOE spectrum. Indeed, on a sample o f  1000 leve ls ,  
one w i l l  f ind,  on the  average, on ly  8 spacings smal ler  than .l. T h i s  i s  t o  be 
compared t o  what would be observed i n  a Poisson spectrum where the spacing d i s t r i -  
bu t ion  would be : 
I n  such a spectrum, the average number o f  spacings smal ler  than .1 would be close 
t o  100 on a sample o f  1000 l e v e l s .  As f o r  the l a r g e  spacings, one a lso notes t h a t  
i n  a sample o f  1000 l e v e l s  o f  a GOE spectrum, one w i l l  f i n d  on ly  1 spacing 
l a r g e r  than 3, whereas i n  a Poisson spectrum the expected number o f  spacings l a r g e r  
than 3 would be 50. 
Thus the GOE spectrum seems, i n  some sense, f a r  more r i g i d  than a Poisson spectrum, 
since f o r  the  former small and la rge  spacings are s t rong ly  forb idden as compared t o  
the l a t t e r .  As we sha l l  see now, t h i s  r i g i d i t y  o f  the spectrum i s  the most s t r i k i n g  
fea tu re  o f  GOE spectrum. Indeed, the evaluat ion o f  the 2-points func t ion  a l lows us 
n o t  on ly  t o  evaluate the  spacing d i s t r i b u t i o n  eq. (V) b u t  a1 so t o  evaluate corre-  
l a t i o n s  between spacings. I n  f a c t ,  i n  a Poisson spectrum ( t y p i c a l l y ,  rad ioac t i ve  
decay) the re  are no c o r r e l a t i o n  between spacings so t h a t  i f  one measure the l e n g t h  
o f  an i n t e r v a l  o f  n spacings, i .e .  the leng th  Ln = (En,K - EK), the average leng th  
w i l l  be equal t o  n and the  variance o f  the  l e n g t h  w i l l  a l so  be equal t o  n. On the  
contrary, i n  a GOE spectrum one f i n d s  s t rong c o r r e l a t i o n s  between spacings, 
s p e c i a l l y  f o r  adjacent spacings f o r  which the c o r r e l a t i o n  c o e f f i c i e n t  i s  equal t o  
- .273. More genera l ly ,  one f i n d s  t h a t  the c o r r e l a  i o n  c o e f f i c i e n t  between u n i t  8 spacings separated by K spacings decreases as 1./K . The ex is tence o f  s t rong 
negative c o r r e l a t i o n s  between spacings re in fo rces  the r i g i d i t y  o f  the spectrum. 
I n  f a c t  i f  one measure the leng th  o f  an i n t e r v a l  o f  n spacings, one w i l l  f i n d  t h a t  
the averaged leng th  i s  equal t o  n, as i n  the Poisson case. However, f o r  the 
variance o f  t h i s  length, one w i l l  f i n d  t h a t  i t  increases as Log(n) and n o t  as n. 
For instance, f o r  n = 10, one would observe a variance equal t o  10 i n  the Poisson 
case, and a variance equal t o  .742 i n  the  GOE case. Thus the f l u c t u a t i o n s  o f  t h i s  
l e n g t h  are much l a r g e r  i n  a Poisson spectrum than i n  a GOE spectrum, which i s  very 
much a l i k e  a regu la r  and uniform spectrum. 
I n  order t o  evaluate q u a n t i t a t i v e l y  t h i s  r i g i d i t y ,  Dyson and Mehta introduced the 
A o r  A* t e s t  which are r e l a t e d  t o  the  two po in ts  f u n c t i o n  on ly  and which measure 
t i e  dev ia t ion  of a given spectrum from a p i c k e t  fence o r  un i form spectrum. This  
t e s t  has the f o l l o w i n g  expression : 
One may show t h a t  f o r  a Poisson spectrum, the average value o f  A; i s  equal t o  
n/15. Whereas f o r  GOE one obta ins 
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( V I I I )  A R ~  .1  LO^ n .  
Thus, one would f i n d  respec t i ve ly  AT5 = 1 and 10 i n  a  Poisson spectrum, and 
= -188 and = .412 i n  a  GOE spectrum. F i n a l l y  the variance o f  A; which i s  
r e l a t e d  t o  the 2,  3 and 4 po in ts  func t ion  may a lso  be evaluated and i t  has been 
shown t h a t  f o r  Poisson t h i s  variance increases as n  whereas f o r  GOE t h i s  variance 
i s  almost independent o f  n  and asympto t i ca l l y  equal t o  .012. 
I11  - ANALYSIS OF EXPERIMENTAL DATA 
A f t e r  t h i s  b r i e f  review o f  the p roper t ies  o f  GO€ spectra, l e t  us see i f  the avai -  
l abl e  experimental data on neutron resonances e x h i b i t  the f l u c t u a t i o n  p roper t ies  
predic ted by the random m a t r i x  theory. Such an analys is  has been performed by Haq, 
Pandey and Bohigas who used a  se t  o f  1407 resonance energies corresponding t o  30 
sequences o f  27 n u c l e i  /2/.  The r e s u l t s  o f  t h e i r  ana lys is  are presented on f i g u r e s  
l a  and l b .  On these f igu res ,  one may note the impressive agreement between the 
GOE lasyrnptotrc 51 
.Experiment INDE) 
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Fig. 1 - A3(a) and a2 (b)  as a  funct ion of n. Experimental values are ind ica ted  
A3 by dots wh i le  the  continuous l i n e s  g ive the p red ic t ions  f o r  Poisson, G.O.E. and 
G.U.E. 
t h e o r e t i c a l  values and the experimental ones f o r  A?(n) and f o r  the  variance of 
A3(n). Thus, one may conclude t h a t  the  GOE gives a  good descr ip t ion  o f  the 
f i u c t u a t i o n  p roper t ies  o f  nuc lear  spectra. However, t h i s  agreement ra ises  imme- 
d i a t e l y  the quest ion of why such a  crude model, w i t h  so l i t t l e  phys ica l  i npu t ,  
(apar t  from r o t a t i o n a l  and t ime reversal  invar iances)  , i s  ab le t o  p r e d i c t  the 
experimental f l u c t u a t i o n  proper t ies.  A  poss ib le  answer t o  t h i s  quest ion cou ld  
be t h a t  these f l u c t u a t i o n  p roper t ies  r e f l e c t  on ly  the "complexity" o f  the physical 
system studied and t h a t  a l l  systems w i t h  the same "complexity" would e x h i b i t  the 
same f l u c t u a t i o n  pa t te rn .  However, t h i s  answer ra ises  i n  t u r n  another quest ion, 
namely t h a t  o f  the  d e f i n i t i o n  o f  complexity o f  a  quantum system. I s  t h i s  "comple- 
x i t y "  r e l a t e d  t o  the l a r g e  number o f  degrees o f  freedom as i n  the nuc lear  case, 
o r  i s  i t  r e l a t e d  t o  the  chaot ic  nature o f  the equiva lent  c l a s s i c a l  system ? 
I V  - CHAOTIC QUANTUM SYSTEMS 
I n  order t o  answer, a t  l e a s t  p a r t i a l l y ,  t o  the l a s t  question, we now t u r n  t o  the 
study o f  quantum systems whose c lass ica l  equiva lent  are chaotic.  F i r s t  l e t  us r e c a l l  
t h a t  the c l a s s i c a l  conservat ive systems may be c l a s s i f i e d  according t o  the proper t ies 
o f  the t ime evo lu t ion  o f  the system. Thus one may d i s t i n g u i s h  5 d i f f e r e n t  types o f  
c lass ica l  conservat ive systems (note, however, t h a t  almost no system enters i n  t h i s  
c l a s s i f i c a t i o n )  : 
1) In tegrab le  systems : a t r a j e c t o r y  covers densely an n-dimensional to rus  
i n  the 2n-dimensional phase-space ( f o r  instance, a l l  systems w i t h  1 degree of 
freedom, square o r  c i r c u l a r  b i l l i a r d s  i n  2 dimensions). 
2 )  Ergodic systems : almost a l l  t r a j e c t o r y  densely covers the (2n -1) 
dimensional v a r i e t y  s(E) i n  phase space, spending equal t ime i n  equal area. 
3)  Mix ing systems : any area o f  s(E) get  spread uni formly over the energy 
surface s(E) as T + m. (Mixing => ergodic)  (mixing <=> the system asympto- 
t i c a l l y  f o r g e t  i t s  i n i t i a l  s t a t e ) .  
4)  K-systems : most i n i t i a l l y  close o r b i t s  separate exponen t ia l l y  w i t h  t ime 
K-systems ===+mixing =>ergodic. (Example : Arnold 's  cat ,  S ina i  b i l l  i a rds ,  
stadium, . . .). 
5 )  B e r n o u i l l i  systems : sequential  measurements o f  a t  l e a s t  one observable 
are s t a t i s t i c a l l y  independent (ex. : Baker's t ransformat ion) .  
Thus we see from the examples given above t h a t  there e x i s t s  c l a s s i c a l  systems which 
are simple enough so t h a t  one may be able t o  solve t h e i r  quantum equiva lent  and 
which, nevertheless may be e i t h e r  in tegrab le  o r  chaot ic .  These simple systems are 
main ly  b i l l i a r d s  w i t h  var ious f r o n t i e r s .  The i r  quantum equiva lent  amounts t o  f i n d  
the v i b r a t i o n  modes o f  a membrane f i x e d  on a given contour C, i .e .  t o  solve the 
Helmoltz equation : 
I n  order  t o  so lve t h i s  equation, we have s e t t l e d  a numerical program which i s  able 
t o  f i n d  r a t h e r  e f f i c i e n t l y  the f i r s t  1000 l e v e l s  o f  a given b i l l i a r d .  This  program 
has been checked by apply ing i t  t o  in tegrab le  b i l l i a r d s  (square and c i r c u l a r ) .  This 
comparison has shown t h a t  the eigenvalues are determined w i t h  a p rec is ion  b e t t e r  
than 5/100 o f  the average spacing. Besides, we found t h a t  i n  the c i r c u l a r  case, 
the  a lgor i thm missed o n l y  12 l e v e l s  on the f i r s t  400 leve ls ,  and t h a t  t h i s  12 
l e v e l s  correspond i n  f a c t  t o  12 p a i r s  o f  almost degenerate l e v e l s  t h a t  we cou ld  
n o t  separate. The ana lys is  o f  the c i r c u l a r  b i l l i a r d  data are presented on f i g u r e s  
2 and 3 where they are compared t o  the p red ic t ions  of GOE and Poisson. This  compa- 
r i son ,  a1 though no t  d e f i n i t e l y  concluding, shows nevertheless t h a t  f o r  the c i r c u l a r  
b i l l i a r d  the spectrum i s  c loser  t o  a Poisson spectrum than t o  a GOE one. The spacing 
d i s t r i b u t i o n  shows indeed t h a t  small and la rge  spacings are r a t h e r  f requent  much 
more than i n  a GOE spectrum. As f o r  the A* values, al though smaller than the 
Poisson predic t ions,  they are much l a r g e r  than f o r  GOE and t h e i r  dependence on 
the  number o f  l e v e l s  i s  r a t h e r  l i n e a r .  The f a c t  t h a t  the spectrum o f  an in tegrab le  
system i s  o f  a Poisson type i s  no t  so s u r p r i s i n g  (al though n o t  demonstrated). 
Indeed, f o r  such a system, the  spectrum i s  the sum o f  an i n f i n i t e  number o f  spectra, 
each corresponding t o  d i f f e r e n t  values o f  the o ther  quantum numbers. For instance, 
i n  the c i r c u l a r  b i l l i a r d ,  the spectrum i s  the sum o f  the spectra a t  f i x e d  angular 
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momentum. I f  one assumes t h a t  these d i f f e r e n t  spectra are uncorrelated, then the 
sum o f  these spectra should g ive  a Poisson spectrum. 
Fig. 2 - Level spacing d i s t r i b u t i o n  obtained w i t h  the f i r s t  400 l e v e l s  o f  the  
c i r c u l a r  b i l l i a r d .  Dots and e r r o r  bars i n d i c a t e  the expected values and t h e i r  
standard dev ia t ions  f o r  Poisson. 
Fig. 3 - A* as a func t ion  o f  n f o r  the  c i r c u l a r  b i l l i a r d .  "Experimental" values 
and t h e i r  standard dev iat ions are ind ica ted  by the dots and the e r r o r  bars. The 
p red ic t ions  f o r  Poisson and G.O.E.  are given by the continuous l i n e .  
Now t h a t  we have checked our a lgor i thm, l e t  us see the r e s u l t s  obtained w i t h  a 
K-system. We have appl ied our program t o  the stadium b i l l i a r d  and computed about 
850 l e v e l s  f o r  each symmetry. The r e s u l t s  o f  the analys is  are presented on f igures 
4 ,  5 and 6.  On f i g u r e  4 one may see t h a t  the spacing d i s t r i b u t i o n s  are i n  very good 
agreement w i t h  the GOE predic t ions.  As f o r  the A* values, they c l e a r l y  e x h i b i t  a 
logar i thmic  behaviour w i t h  n, f o r  values o f  n as l a r g e  as 100 o r  150, the 
agreement w i t h  GOE being r a t h e r  good although s l i g h t l y  poorer. S i m i l a r l y ,  the 
variance o f  A* are found t o  be r a t h e r  constant f o r  n smaller than 100 and n o t  
too f a r  from the theore t i ca l  p red ic t ions .  Thus although a more d e t a i l e d  analys is  
should be done, one may conclude t h a t  there a re  s t rong evidences t h a t  the spectrum 
o f  a K-system such as the  stadium e x h i b i t s  a s t rong r i g i d i t y  and i s  indeed very 
close t o  a GOE spectrum. Note t h a t  we had a l ready s tudied another K-system, namely 
the S ina i  b i l l i a r d  and t h a t  t h i s  study had given the same conclusion although 
s l i g h t l y  less  founded due t o  the  poorer s t a t i s t i c s  /3 / .  
Fig. 4 - Spacing d i s t r i b u t i o n s  obtained w i t h  the f i r s t  800 l e v e l s  o f  the stadium, 
f o r  each o f  the  4 symmetry types o f  the wave funct ion. Dots and e r r o r  bars (when 
ind ica ted)  g ive  the  G.O.E. p red ic t ions .  
Fig. 5 - A* as a f u n c t i o n  o f  n f o r  the  stadium. Continuous 1 ines g ive  the 
G.O.E. p red ic t ions .  Dots and e r r o r  bars give the  "experimental" values and t h e i r  
standard deviat ions. 
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Fig. 6 - Same as f i g .  5, f o r  the variance o f  A*. The continuous l i n e  g ives the 
G.O.E. asymptotic value. 
V - CONCLUSION 
Thus, t o  summarize t h i s  t a l k ,  we may say t h a t  the re  are s t rong experimental evidmces 
t h a t  nuc lear  spectra ( a t  n o t  too  low an energy) are extremely r i g i d  and t h a t  the 
same r i g i d i t y  i s  observed i n  chao t i c  quantum b i l l i a r d s .  On the con t ra ry  the spectrum 
o f  an in tegrab le  system appears t o  be much less  r i g i d  and c lose t o  a Poisson 
spectrum. A t e n t a t i v e  i n t e r p r e t a t i o n  o f  these "experimental" r e s u l t s  could be 
t h a t  these f l u c t u a t i o n  p roper t ies  r e f l e c t  the nature o f  the system studied and 
t h a t  the spectrum o f  a chaot ic  quantum system w i l l  e x h i b i t  the r i g i d i t y  o f  GOE 
spectra. Such an i n t e r p r e t a t i o n  i s  very appealing, however i t  i s  c l e a r  t h a t  more 
experimental data (nuc lear  and numerical ) are needed t o  ascer ta in  i t  and obvious ly  
a t h e o r e t i c a l  ground would be we1 come. 
The r e s u l t s  presented here are p a r t  o f  a work done i n  co l labora t ion  w i t h  0. Bohigas 
and M.J. Giannoni. 
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